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Disclaimer (added by EPA)
 

This presentation by William Pizer on January 22, 2007 has neither 
been reviewed nor approved by the U.S. Environmental Protection 
Agency. The views expressed by the presenter are entirely his own. 
The contents do not necessarily reflect the views or policies of the 
U.S. Environmental Protection Agency, nor does mention of trade 
names or commercial products constitute endorsement or 
recommendation for use. 



Motivation
 
•	 Standard geometric discounting renders values in the 

distant future worthless 
� $1 delivered in 200 years is worth 6/1000¢ today at a 5% discount rate 

• Huge effect on climate policy analysis where benefits 

occurs hundreds of years in future (also: long-lived 

infrastructure, toxic/radioactive waste, biodiversity)
 

•	 “Seems wrong.” (Ainslie; Cropper, Aydede, & Portney; 
Bazerlon & Smetters).  But, suggested modifications to 
standard framework suffer from time inconsistency. 

•	 Work by Weitzman (1998, 2001). 



Future Consequences of 1 ton of Carbon 

Mitigation in 2000 
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Weitzman Point
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Weitzman Point
 

• Equal likelihood of rate r1 = 0% or r2 = 10%
 

1 −r t  −r t  1 2• Expected discount factor: E P = e + e[ ] ( )t 2 

• Certainty-equivalent rate (rate of change in 
discount factor): 

−r t  −r t  1 2dt  ⎛ e ⎞ ⎛ e ⎞Ed P[ t ]r� = −  = r ⎜ ⎟ + r ⎜ ⎟t 1 −r t  −r t  2 −r t  −r t  1 2 1 2PE[ ]  e + e e + et ⎝ ⎠ ⎝ ⎠ 

weight on r1 weight on r2
 



Our approach
 
•	 Geometric discounting using market-revealed rates 
•	 Current rate observed accurately but future discount rate 

is uncertain 
• Leads to an increase in expected discounted values and a 


decline over time in certainty-equivalent rates (theory)
 
• Measure future discount rate uncertainty based on time-


series analysis of 200 years of interest rates (empirical)
 
•	 Forecast certainty-equivalent discount rate path based on 

alternate assumptions about the discount rate 
•	 Determine appropriate discount factors 



Stochastic model of interest rates
 

• Autoregressive model of interest rate r 

ε ⋅ ξrt = +η ε t t = ρ ε t −1 + t 

2 2η ~ N (η σ, η ) ξ ~ N (0,  σ )
ξ� 

η = mean interest rate


ρ  = persistence (autocorrelation)
 



Market interest rate for U.S. long-term 

government bonds (1798-1999) 
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Importance of persistence
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Estimation of interest rate uncertainty 

• Modifications to address issues with simple model
 
� estimate in logs (disallow negative rates)
� simulate over ρ uncertainty
� Plus: allow more general autocorrelation (more lags) 

• Cannot reject hypothesis that ρ =1: two models 
� random walk model (ρ =1: use differences) 
� mean-reverting model (ρ <1: don’t difference, treat ρ as 

random and reject draws > 1) 
• Conditional maximum likelihood; Schwarz-Bayes
 

information criterion to choose number of lags
 



Estimation results
 
(std errors in parentheses) 
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Simulations
 

• Draw parameters (ρ, η). 
• Draw shocks (ξ ). 
• Construct disturbances (ε ) 
• Construct discount rates (r) 
• Repeat 
•	 Fix expected rate for different benchmarks. 

⎡ ⎛ t ⎞⎤• Construct expected discount factor: [ ] = E  exp  rE Pt ⎢ ⎜∑ s ⎟⎥
⎣ ⎝ s=1 ⎠⎦• Construct certainty equivalent rate: d P dtE[ t ]r�t = 

E[ ]Pt 
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Value relative to Discount rate model Years in constant discounting 
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Effect of discount rate uncertainty 

on discounted climate damages
 

Government 
bond rate (4%) 

Constant 4% rate 
Random walk model 
Mean-reverting model 

Benefits from 1 ton of 
carbon mitigation 

$5.74 
$10.44 
$6.52 

Relative to 
constant rat 

— 
+82% 
+14% 

2% rate 
Constant 2% rate 
Random walk model 
Mean-reverting model 

$21.73 
$33.84 
$23.32 

— 
+56% 
+7% 

7% rate 
Constant 7% rate 
Random walk model 
Mean-reverting model 

$1.48 
$2.88 
$1.79 

— 
+95% 
+21% 



Summary of results
 

•	 Discount rate uncertainty implies a declining 
certainty-equivalent rate in the future 

•	 Estimated uncertainty and persistence in long-term 
interest rates suggests the magnitude of this effect 
can be large 
� r�t falls from 4% benchmark, to 2% after 100 years, to 

1% after 200 years, to 0.5% after 300 years, based on 
random walk model 

� valuation 400 years in the future rises 43,000x 
� discounted climate damages almost double 



EPA Questions
 

• How does N&P avoid time inconsistency?
 

• How do we apply N&P to Ramsey model?
 

• How do we choose the right benchmark 
rate? (consumption v. investment; pre- and 
post-tax) 

• Are there other special characteristics of 
climate change investments that should be 
reflected in discount rates? 



Time Consistency
 

•	 Problem: A decision is time inconsistent if we know 
now that we will want to change that decision in a 
certain way simply due to the passage of time. 

•	 E.g., choose $1 in 2100 versus $1.03 in 2101. 
•	 Compare hyperbolic discounting (4% now, 2% 100 

years from now) versus uncertain discounting (4% now, 
2% certainty equivalent 100 years from now). 

•	 With uncertainty, the changing decision is a 
consequence of passage of time and new information. 



Ramsey Discounting 

∑ −ρte U C  • Ramsey model: maximize ( t )t 

subject to production function,
 
capital accumulation
 

• Equilibrium condition: r = +  ⋅  ρ τ (C C  � 
t t )t 

net return to capital (interest rate) 
equals pure time preference + 
growth discounting 

• Choice of estimation: structural v. reduced-form
 

• Application to IAMs – why? 



Choice of Benchmark Rate
 

• Ethical Concerns 
• Market Rates 
� 10%: Return to corporate investment. 
� 7%: Stock market yield. 
� 4%: Bond yield. 
� 2%: After-tax (personal income) bond yield. 

• Consumption versus investment rate of 
interest; shadow price of capital approach. 

• Risk-free rate. 



Climate Change and Discount Rates
 

•	 Typical approach is to separate out risk and
discounting; discount risk-adjusted expectations at
risk-free rate. 

•	 Main concern is catastrophe: climate risk and 
interest rate are not uncorrelated in structural 
model 

r t ρ τ ( Ct∑ = ⋅  + ⋅ ∆  Ct )t	 t 

• Otherwise, why treat climate change differently? 



Thanks!
 



Definitions 
⎛ t ⎞

• Discount Factor Pt = exp ⎜⎝
−∑ rs ⎟⎠s=1 

⎡ ⎛ t ⎞ ⎤
• Expected Discount Factor E P =E  exp  − r[ ]t ⎢ ⎜⎝ ∑ s ⎟⎠ ⎥ 

⎣ s=1 ⎦ 

• Certainty Equivalent Discount Rate 

d P dtE [ ]r�t = −  t 

E[ ]Pt 



Calculating Certainty Equivalent 

Rate
 

⎡ ⎛ t ⎞ ⎤
E P =E ⎡exp −ηt ⎤ ⋅E exp − ε[ ]t ⎣ ( ) ⎦ ⎢

⎣ 
⎜ ∑ s ⎟ ⎥

⎦⎝ s=1 ⎠ 

⎛ t2ση 
2 ⎞ 

E P = exp  −  +  η t ×[ ] ⎜ ⎟t 
⎝ 2 ⎠ 

⎛ 2 ⎛ t +1 2 2t +2 ⎞⎞σ 2 ( ρ ρ− ) ρ ρ  ξ − exp ⎜ ⎜ t − + ⎟⎟
⎜ ( ) 2 1− ρ 1− ρ 2 ⎟⎝ 2 1− ρ ⎝ ⎠⎠ 



 
 

 

 

Results of analytic model 

rt 
2 2 ( )  � = − t − Ω  ,η σ σ  ρ  tη ξ 

r� = certainty-equivalent discount rate 
η = mean discount rate 

ση 
2 = variance of r 

σξ 
2 = variance of ξ 

ρ = autocorrelation 

( )  ρ t = increasing function of ρΩ ,  and t 



Correlation Term
 

2 t +1 t +11− ρ + 2log( ) (1+ ρ ρ  )ρ ρ  − 
Ω( ρ , t) = 32 1− ρ 1+ ρ 

Or, if ρ = 1: 

1 2 

(  ) (  )  

Ω ( ρ , t) = (1+ 6t + 6t )
12 



Implications of model
 

• Certainty-equivalent rate declines from the 
mean rate as 
� forecast moves further into the future 
� uncertainty in the mean rate and deviations from the

mean rate increase 
� persistence in deviations increases 

•	 Significance of effect? 
�

σξ = 0.23%,η = 4%, ση = 0.52%, ρ = 0.96 
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