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Introduction

• Concordance between BMD values from short-term transcriptomic
studies vs. apical BMD values from chronic rodent bioassays is 
influenced by inter-study variation in the BMDs
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Introduction

• Concordance between BMD values from short-term transcriptomic
studies vs. apical BMD values from chronic rodent bioassays is 
influenced by inter-study variation in the BMDs 

• Estimating and considering inter-study variability is important for 
interpreting concordance metrics and our confidence in application of 
the ETAP
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Introduction

• Concordance between BMD values from short-term transcriptomic
studies vs. apical BMD values from chronic rodent bioassays is 
influenced by inter-study variation in the BMDs 

• Estimating and considering inter-study variability is important for 
interpreting concordance metrics and our confidence in application of 
the ETAP

• To provide this context, we estimated the lower bound of expected 
Mean Squared Difference (MSD) given inter-study variances for 
comparison with the concordance MSD of the top ETAP model     
(i.e., best pre-modeling probe filter, BMD modeling, and gene set summarization 
parameters)
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Inter-study variation impacts apical vs. 
transcriptomic BMD concordance, even when 

chemical BMDs are the same on average 
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Derivation of expected MSD lower bound

• We will show that the lower bound of expected MSD is the sum of the 
transcriptomic and apical BMD variances

𝑀𝑀𝑀𝑀𝑀𝑀 = �
𝑐𝑐=1

𝑛𝑛
𝑥𝑥𝑐𝑐 − 𝑦𝑦𝑐𝑐 2

𝑛𝑛

𝐸𝐸 𝑀𝑀𝑀𝑀𝑀𝑀 ≥ 𝜎𝜎𝑋𝑋2 + 𝜎𝜎𝑌𝑌2
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Derivation of expected MSD lower bound

• Let Xc be the transcriptomic BMD (log10 mg/kg-day) for chemical c
• Let Yc be the apical BMD (log10 mg/kg-day) for chemical c

7



Office of Research and Development

Derivation of expected MSD lower bound

• Let Xc be the transcriptomic BMD (log10 mg/kg-day) for chemical c
• Let Yc be the apical BMD (log10 mg/kg-day) for chemical c
• Following Pham et al. 2020, we assume apical BMDs (Yc) are random 

variables with:
• Means dependent on chemical and study design 

• Note: study design is standardized across chemicals in this study
• Constant variance after accounting for chemical and study design 

• i.e., Common variance across chemicals

Pham et al. 2020. Variability in in vivo studies: Defining the upper limit of performance for predictions of systemic effect levels. Computational Toxicology
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Derivation of expected MSD lower bound

• Let Xc be the transcriptomic BMD (log10 mg/kg-day) for chemical c
• Let Yc be the apical BMD (log10 mg/kg-day) for chemical c
• Following Pham et al. 2020, we assume apical BMDs (Yc) are random 

variables with:
• Means dependent on chemical and study design 

• Note: study design is standardized across chemicals in this study
• Constant variance after accounting for chemical and study design 

• i.e., Common variance across chemicals

• In the absence of evidence to the contrary, we assume the same for 
the transcriptomic BMD values (Xc). 
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Derivation of expected MSD lower bound

• That is, define:
𝐸𝐸 𝑋𝑋𝑐𝑐 = 𝜇𝜇𝑋𝑋 𝑐𝑐
𝐸𝐸 𝑌𝑌𝑐𝑐 = 𝜇𝜇𝑌𝑌 𝑐𝑐

where 𝜇𝜇𝑋𝑋 𝑐𝑐 and 𝜇𝜇𝑌𝑌 𝑐𝑐 are the mean transcriptomic and apical BMD 
values for chemical c, respectively.

• And: 
𝑉𝑉𝑉𝑉𝑉𝑉 𝑋𝑋𝑐𝑐 = 𝜎𝜎𝑋𝑋2

𝑉𝑉𝑉𝑉𝑉𝑉 𝑌𝑌𝑐𝑐 = 𝜎𝜎𝑌𝑌2

are the inter-study, within-chemical variances for transcriptomic and 
apical BMD values, respectively.
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Derivation of expected MSD lower bound

• Let Zc = Xc – Yc be the difference between transcriptomic and apical 
BMD values for chemical c. 
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Derivation of expected MSD lower bound

• Let Zc = Xc – Yc be the difference between transcriptomic and apical 
BMD values for chemical c. 

• Then: 
𝐸𝐸 𝑍𝑍𝑐𝑐 = 𝜇𝜇𝑋𝑋 𝑐𝑐 − 𝜇𝜇𝑌𝑌 𝑐𝑐 = 𝜇𝜇𝑍𝑍

• For simplicity, assume constant difference in BMD means across chemicals
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Derivation of expected MSD lower bound

• Let Zc = Xc – Yc be the difference between transcriptomic and apical 
BMD values for chemical c. 

• Then: 
𝐸𝐸 𝑍𝑍𝑐𝑐 = 𝜇𝜇𝑋𝑋 𝑐𝑐 − 𝜇𝜇𝑌𝑌 𝑐𝑐 = 𝜇𝜇𝑍𝑍

• For simplicity, assume constant difference in BMD means across chemicals

• And: 
𝑉𝑉𝑉𝑉𝑉𝑉 𝑍𝑍𝑐𝑐 = 𝜎𝜎𝑋𝑋2 + 𝜎𝜎𝑌𝑌2

• Xc and Yc are conditionally independent given chemical means, so no 
covariance term is included

13



Office of Research and Development

Derivation of expected MSD lower bound

• The MSD concordance statistic between Xc and Yc for n chemicals is:

𝑀𝑀𝑀𝑀𝑀𝑀 = �
𝑐𝑐=1

𝑛𝑛
𝑥𝑥𝑐𝑐 − 𝑦𝑦𝑐𝑐 2

𝑛𝑛
= �

𝑐𝑐=1

𝑛𝑛
𝑧𝑧𝑐𝑐2

𝑛𝑛
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Derivation of expected MSD lower bound

• The MSD concordance statistic between Xc and Yc for n chemicals is:

𝑀𝑀𝑀𝑀𝑀𝑀 = �
𝑐𝑐=1

𝑛𝑛
𝑥𝑥𝑐𝑐 − 𝑦𝑦𝑐𝑐 2

𝑛𝑛
= �

𝑐𝑐=1

𝑛𝑛
𝑧𝑧𝑐𝑐2

𝑛𝑛

• MSD is an unbiased estimator of 𝐸𝐸 𝑍𝑍𝑐𝑐2 : 

𝐸𝐸 𝑀𝑀𝑀𝑀𝑀𝑀 = 𝐸𝐸 �
𝑐𝑐=1

𝑛𝑛
𝑧𝑧𝑐𝑐2

𝑛𝑛
= �

𝑐𝑐=1

𝑛𝑛
𝐸𝐸 𝑧𝑧𝑐𝑐2

𝑛𝑛
=
𝑛𝑛𝐸𝐸[𝑍𝑍𝑐𝑐2]
𝑛𝑛

= 𝐸𝐸 𝑍𝑍𝑐𝑐2
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Derivation of expected MSD lower bound

• The variance of Zc can be decomposed as follows:
𝑉𝑉𝑉𝑉𝑉𝑉 𝑍𝑍𝑐𝑐 = 𝐸𝐸 𝑍𝑍𝑐𝑐2 − 𝜇𝜇𝑍𝑍2

• Rearranging:
𝐸𝐸 𝑍𝑍𝑐𝑐2 = 𝑉𝑉𝑉𝑉𝑉𝑉 𝑍𝑍𝑐𝑐 + 𝜇𝜇𝑍𝑍2

• Substituting 𝐸𝐸 𝑀𝑀𝑀𝑀𝑀𝑀 = 𝐸𝐸 𝑍𝑍𝑐𝑐2 :

𝐸𝐸 𝑀𝑀𝑀𝑀𝑀𝑀 = 𝑉𝑉𝑉𝑉𝑉𝑉 𝑍𝑍𝑐𝑐 + 𝜇𝜇𝑍𝑍2
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Derivation of expected MSD lower bound

• Starting from 𝐸𝐸 𝑀𝑀𝑀𝑀𝑀𝑀 = 𝑉𝑉𝑉𝑉𝑉𝑉 𝑍𝑍𝑐𝑐 + 𝜇𝜇𝑍𝑍2:

𝐸𝐸 𝑀𝑀𝑀𝑀𝑀𝑀 = 𝜎𝜎𝑋𝑋2 + 𝜎𝜎𝑌𝑌2 + 𝜇𝜇𝑍𝑍2

• If 𝜇𝜇𝑍𝑍 = 0 (mean values of Xc and Yc are equal for each chemical):

𝐸𝐸 𝑀𝑀𝑀𝑀𝑀𝑀 = 𝜎𝜎𝑋𝑋2 + 𝜎𝜎𝑌𝑌2

• If 𝜇𝜇𝑍𝑍 ≠ 0 (mean values of Xc and Yc differ across chemicals):

𝐸𝐸 𝑀𝑀𝑀𝑀𝑀𝑀 > 𝜎𝜎𝑋𝑋2 + 𝜎𝜎𝑌𝑌2

• Thus:
𝐸𝐸 𝑀𝑀𝑀𝑀𝑀𝑀 ≥ 𝜎𝜎𝑋𝑋2 + 𝜎𝜎𝑌𝑌2
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Derivation of expected MSD lower bound

• That is, the lower bound of expected MSD is the sum of the 
transcriptomic and apical BMD variances:

𝐸𝐸 𝑀𝑀𝑀𝑀𝑀𝑀 ≥ 𝜎𝜎𝑋𝑋2 + 𝜎𝜎𝑌𝑌2

• MSD is expected to be approximately equal to the sum of the inter-
study variances when apical and transcriptomic BMDs are the same 
on average across chemicals

• Next, we can use estimates of inter-study variances to approximate 
this lower bound for comparison to our observed MSD
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Estimates of inter-study transcriptomic variance

• We estimated the transcriptomic BMD variance, 𝜎𝜎𝑋𝑋2, using inter-study 
replicates from three chemicals

• Bromodichloroacetic acid, Perfluorooctanoic acid, Furan
• Three replicates per chemical
• Each replicate 5-day transcriptomic study performed with same 

doses, in same contract lab, over several years
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Estimates of inter-study transcriptomic variance

• We estimated the transcriptomic BMD variance, 𝜎𝜎𝑋𝑋2, using inter-study 
replicates from three chemicals

• For replicates i and j of chemical c:
𝐸𝐸 𝑋𝑋𝑐𝑐,𝑖𝑖 − 𝑋𝑋𝑐𝑐,𝑗𝑗 = 0

𝑉𝑉𝑉𝑉𝑉𝑉 𝑋𝑋𝑐𝑐,𝑖𝑖 − 𝑋𝑋𝑐𝑐,𝑗𝑗 = 2𝜎𝜎𝑋𝑋2
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• We estimated the transcriptomic BMD variance, 𝜎𝜎𝑋𝑋2, using inter-study 
replicates from three chemicals

• For replicates i and j of chemical c:
𝐸𝐸 𝑋𝑋𝑐𝑐,𝑖𝑖 − 𝑋𝑋𝑐𝑐,𝑗𝑗 = 0

𝑉𝑉𝑉𝑉𝑉𝑉 𝑋𝑋𝑐𝑐,𝑖𝑖 − 𝑋𝑋𝑐𝑐,𝑗𝑗 = 2𝜎𝜎𝑋𝑋2

• Let k be the number of chemicals with replicate transcriptomic BMD 
estimates, let rc be the number of observed replicates for chemical c, 
and let 𝐼𝐼𝑐𝑐 = 1,2, … , 𝑉𝑉𝑐𝑐 . An unbiased estimator of 𝜎𝜎𝑋𝑋2 is:

�𝜎𝜎𝑋𝑋2 =
1
2

× �𝑉𝑉𝑉𝑉𝑉𝑉 𝑋𝑋𝑐𝑐,𝑖𝑖 − 𝑋𝑋𝑐𝑐,𝑗𝑗 = 2�
𝑐𝑐=1

𝑘𝑘
𝑉𝑉𝑐𝑐
2

−1

�
𝑐𝑐=1

𝑘𝑘

�
𝑖𝑖∈𝐼𝐼𝑐𝑐

�
𝑗𝑗∈𝐼𝐼𝑐𝑐;𝑗𝑗>𝑖𝑖

(𝑥𝑥𝑐𝑐,𝑖𝑖 − 𝑦𝑦𝑐𝑐,𝑗𝑗)2

Estimates of inter-study transcriptomic variance
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• We estimated the transcriptomic BMD variance, 𝜎𝜎𝑋𝑋2, using inter-study 
replicates from three chemicals

• For replicates i and j of chemical c:
𝐸𝐸 𝑋𝑋𝑐𝑐,𝑖𝑖 − 𝑋𝑋𝑐𝑐,𝑗𝑗 = 0

𝑉𝑉𝑉𝑉𝑉𝑉 𝑋𝑋𝑐𝑐,𝑖𝑖 − 𝑋𝑋𝑐𝑐,𝑗𝑗 = 2𝜎𝜎𝑋𝑋2

• Let k be the number of chemicals with replicate transcriptomic BMD 
estimates, let rc be the number of observed replicates for chemical c, 
and let 𝐼𝐼𝑐𝑐 = 1,2, … , 𝑉𝑉𝑐𝑐 . An unbiased estimator of 𝜎𝜎𝑋𝑋2 is:

�𝜎𝜎𝑋𝑋2 =
1
2

× 𝑀𝑀𝑀𝑀𝑉𝑉𝑛𝑛 𝑠𝑠𝑠𝑠𝑠𝑠𝑉𝑉𝑉𝑉𝑀𝑀𝑠𝑠 𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑉𝑉𝑀𝑀𝑛𝑛𝑐𝑐𝑀𝑀 𝑏𝑏𝑀𝑀𝑏𝑏𝑏𝑏𝑀𝑀𝑀𝑀𝑛𝑛 𝑏𝑏𝑉𝑉𝑉𝑉𝑛𝑛𝑠𝑠𝑐𝑐𝑉𝑉𝑑𝑑𝑡𝑡𝑏𝑏𝑡𝑡𝑡𝑡𝑑𝑑𝑐𝑐 𝐵𝐵𝑀𝑀𝑀𝑀
values for unique pairs of replicates for each chemical

Estimates of inter-study transcriptomic variance
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• We computed transcriptomic BMD variance estimates across all dose-
response modeling parameter combinations considered 

• Used the min & max of variance estimates to provide a range for 𝜎𝜎𝑋𝑋2:

�𝜎𝜎𝑋𝑋2 ≈ [0.015, 0.352]

( �𝜎𝜎𝑋𝑋 ≈ [0.123, 0.594])

Estimates of inter-study transcriptomic variance
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Estimates of inter-study apical variance

• We estimated apical BMD variance, 𝜎𝜎𝑌𝑌2, using mean squared error (MSE) 
from a multiple regression model (Pham et al. 2020), which estimates 
inter-study LEL/LOAEL variance after accounting for study descriptors

Pham et al. 2020. Variability in in vivo studies: Defining the upper limit of performance for predictions of systemic effect levels. Computational Toxicology
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Estimates of inter-study apical variance

• We estimated apical BMD variance, 𝜎𝜎𝑌𝑌2, using mean squared error (MSE) 
from a multiple regression model (Pham et al. 2020), which estimates 
inter-study LEL/LOAEL variance after accounting for study descriptors

Pham et al. 2020. Variability in in vivo studies: Defining the upper limit of performance for predictions of systemic effect levels. Computational Toxicology
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Estimates of inter-study apical variance

• We estimated apical BMD variance, 𝜎𝜎𝑌𝑌2, using mean squared error (MSE) 
from a multiple regression model (Pham et al. 2020), which estimates 
inter-study LEL/LOAEL variance after accounting for study descriptors

• The min & max of chronic apical LOAEL variance estimates from Pham 
et al. 2020 used to approximate the apical BMD variance, 𝜎𝜎𝑌𝑌2, were:

�𝜎𝜎𝑌𝑌2 ≈ [0.252, 0.265]

( �𝜎𝜎𝑌𝑌 ≈ [0.502, 0.515])
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Expected MSD lower bound estimate

• Min & max of transcriptomic BMD variance estimates:
�𝜎𝜎𝑋𝑋2 ≈ [0.015, 0.352]

• Min & max of chronic apical BMD variance estimates:
�𝜎𝜎𝑌𝑌2 ≈ [0.252, 0.265]
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Expected MSD lower bound estimate

• Min & max of transcriptomic BMD variance estimates:
�𝜎𝜎𝑋𝑋2 ≈ [0.015, 0.352]

• Min & max of chronic apical BMD variance estimates:
�𝜎𝜎𝑌𝑌2 ≈ [0.252, 0.265]

• Sum provides lower bound estimate for expected MSD:

𝐸𝐸 𝑀𝑀𝑀𝑀𝑀𝑀 ≥ [0.267, 0.617]

• Lower bound provides an estimate of what we would expect MSD to 
be if the apical and transcriptomic BMDs are the same on average but 
inter-study variation exists for both BMDs
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MSD of top transcriptomic model compared to 
estimated lower bound for E[MSD]

• MSD of the top combination of transcriptomic model parameters 
computed using mean BMD values for chemicals with replicates was:

0.5672 = 0.321 
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MSD of top transcriptomic model compared to 
estimated lower bound for E[MSD]

• MSD of the top combination of transcriptomic model parameters 
computed using mean BMD values for chemicals with replicates was:

0.5672 = 0.321 
• However, using mean BMD values for only some chemicals violates 

the assumption of equal variance across chemicals used to derive the 
lower bound of expected MSD. 
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MSD of top transcriptomic model compared to 
estimated lower bound for E[MSD]

• MSD of the top combination of transcriptomic model parameters 
computed using mean BMD values for chemicals with replicates was:

0.5672 = 0.321 
• However, using mean BMD values for only some chemicals violates 

the assumption of equal variance across chemicals used to derive the 
lower bound of expected MSD. 

• For fair comparison with the lower bound estimate, the MSD of the 
top model was computed using all combinations of single replicates 
per chemical, with the following MSD min & max:

[0.285, 0.386]
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The min & max MSD values computed using single chemical replicates
[0.285, 0.386]

fall within the range of lower bound estimates for expected MSD 
[0.267, 0.617] 

MSD of top transcriptomic model compared to 
estimated lower bound for E[MSD]
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Conclusion

• The error associated with the concordance between the 
transcriptomic BMD values vs. apical BMD values is approximately 
equivalent to the combined inter-study variability associated with the 
5-day transcriptomic study and the two-year rodent bioassay

• Thus, transcriptomic and apical BMD values are highly concordant in 
the context of inter-study variation in BMDs
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